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Abstract 

The divergences of the gravitational action are analyzed for spacetimes that 
are asymptotically anti-de Sitter and asymptotically flat. The gravitational 
action is rendered finite using a local counterterm prescription, and the relation 
of this method to the traditional reference spacetime is discussed. For AdS, an 
iterative procedure is devised that determines the counterterms efficiently. For 
asymptotically flat space, we use a different method to derive counterterms 
which are sufficient to remove divergences in most cases. 
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1 Introduction 

The concepts of action and energy-momentum play central roles in theories with 
gravity, but they are surprisingly difficult to define (see, e.g., ^), and they are often 
laborious to compute. A well known obstacle to the straightforward definition of the 
gravitational action in a non-compact space is that the sum of the Einstein-Hilbert and 
Gibbons-Hawking terms diverges. There is a standard remedy for this calamity: first 
regulate the divergence by restricting the spacetime to the interior of some bounding 
surface, then subtract the (similarly infinite) action of some reference spacetime with 
the same boundary geometry 0. For an appropriately chosen reference spacetime, 
the resulting action will be finite as the boundary is taken to infinity. The energy- 
momentum tensor of the spacetime is then related to the variation of the total action 
with respect to the boundary metric [Q]. 

The above procedure suffers from a number of important drawbacks. On a con- 
ceptual level, it is not satisfying since it relies on the introduction of a spacetime 
which is auxiliary to the problem. It is sometimes said that this merely corresponds 
to defining the overall zero of energy, but in fact the procedure also affects relative 
energies, because different reference spacetimes are needed for different boundary ge- 
ometries. A more glaring defect is that the procedure is generally ill-defined, since it 
is not possible to embed an arbitrary boundary geometry in the reference spacetime. 
One is forced to resort to an approximate embedding, and this often leads to confu- 
sion and ambiguity; good examples of this are Taub-NUT and Taub-bolt spacetimes 

Recently, a preferable alternative procedure has been proposed . For a manifold 
with boundary, the only way to modify the gravitational action without disturbing 
the equations of motion or the symmetries is to add a coordinate invariant functional 
of the intrinsic boundary geometry. By choosing a functional — which we refer to as a 
counterterm — which cancels the divergences, one arrives at well defined expressions 
for the action and energy-momentum of the spacetime. The procedure is satisfying 
since it is intrinsic to the spacetime of interest, and unambiguous once the counterterm 
is specified. 

The new prescription is particularly elegant in the case of asymptotically AdS 



spacetimes 0. In these cases the structure of the divergences is such that they 
can be fully removed by adding a finite polynomial in the boundary curvature and its 
derivatives. Moreover, the counterterm method is precisely analogous to the standard 
removal of divergences in quantum field theory by adding finite polynomials in the 
fields; indeed, the AdS/CFT correspondence [^ asserts that they are the very same. 



The equivalence between the gravitational action and that of a CFT on the boundary 



is illustrated by the agreement between trace anomalies pA\ , |T^, [T^, [Ij] and Casimir 



energies y, |T^ obtained from the two descriptions (see JTBl for a different appearance 
of divergences in the AdS/CFT correspondence). 



Counterterms for low dimensional AdS spacetimes were obtained in p, [T^. Our 
focus in the first half of this paper is to develop an algorithm for generating counter- 
terms for arbitrary dimensions. We begin by analyzing the structure of divergences 
in more detail. An important tool is the interplay between the bulk and boundary 
geometries, as embodied in the Gauss-Codazzi equations. This formulation of the 
problem leads to an iterative process that generates the counterterms as an expansion 
in the radius of the anti-de Sitter space, denoted by i: 

The coefficients S^^^ are increasingly complicated polynomials of the boundary cur- 
vature tensor and its derivatives. The iterative process is manifestly covariant and 
quite efficient; we compute the four leading orders explicitly, and show that our al- 
gorithm defines a series of local counterterms to all orders. The trace anomalies of 
the boundary theory play a prominent role in the discussion; indeed, there is a close 
connection to the anomaly computation of |Tl| . 

Crucial to the success of the counterterm prescription is that the divergences are 
universal, so that a single choice of counterterms suffices to render finite the action 
of all asymptotically AdS solution^. The finite terms are non-universal, though, and 
so the counterterm subtraction leaves a finite remainder in general. We use the AdS- 
Schwarzschild spacetimes to illustrate these properties of the action. An important 



^The action will sometimes have logarithmic divergences which remain uncancelled by the coun- 
terterms. However, these divergences are well understood physically as arising from the trace 
anomaly. 



feature of the counterterm prescription is that it provides unambiguous results even 



for nontrivial boundary topologies, such as Taub-NUT-AdS [|T8| , |T7|. 

It is of obvious interest to apply the counterterm method to spacetimes that 
are asymptotically flat, rather than asymptotically AdS. One approach is to try to 
determine these by solving the fiat space versions of the Gauss-Codazzi equations. 
However, the resulting equation is highly non-linear and we have had no progress with 
this strategy. An alternative strategy is to define fiat space as the limit where the AdS 
curvature £ — i> oo. But to take the limit one first has to determine the counterterms to 
all orders in £, which seems prohibitively difficult. We pursue a third approach, which 
can be understood as a refinement of the reference spacetime prescription. We derive 
the action of a particular spacetime which asymptotes to the solutions of interest, 
and write the result in terms of intrinsic invariants of the boundary. The resulting 
counterterm action is then expected to share the divergences of spacetimes which look 
sufficiently like the chosen spacetime near infinity. Unlike in the standard reference 
spacetime prescription, once we have obtained the counterterm we can forget about 
the reference spacetime altogether. 

Recently Lau [|T^ and Mann [T^ proposed the remarkably simple counterterm for 
spaces that are asymptotically AdS^: 



which has a smooth limit as £ — > oo. Mann further showed that, in many explicit ex- 
amples, this removes all divergences and gives a finite part that agrees with the refer- 
ence spacetime procedure |T8|, ^ . By following the strategy of the previous paragraph 



we derive the (i-dimensional generalization of the Lau-Mann formula. However, the 
assumptions of the derivation are quite strong, and there are simple examples where 
divergences are not removed. We give a more general counterterm that removes the 
divergences for asymptotically fiat space in more cases, though not in general. Our 
examples suggest that a counterterm capable of removing the divergences from arbi- 
trary asymptotically fiat spacetimes would be quite complicated. However, we stress 
that such an expression is not needed under normal circumstances — the countert- 
erms we define provide well defined actions for the most common class of spacetimes. 
A more general result would only be needed if one wished to consider spacetimes 



which deviate strongly from these. 

All of the counterterms that we derive will be coordinate invariant, intrinsic to the 
boundary, and local. The property of locality is not a priori mandatory, since adding 
non-local intrinsic counterterms would not disturb the equations of motion and so 
cannot be excluded on such grounds. As we will describe below, for asymptotically 
AdS spaces the divergences are always local polynomials in the boundary fields and 
their derivatives, as was to be expected given the AdS/CFT correspondence. In the 
case of asymptotically flat spaces it is less clear what to expect, since we do not know 
whether the putative holographically dual theories will have only local divergences. 
Still, in the simple asymptotically flat examples we consider below, it suffices to use 
local countertems only in order to remove the divergences. 

The flat space limit of AdS space has recently been discussed in the context of the 
complete, dynamical string theory [^ ^. It was argued that, in the appropriate 
limit, the AdS/CFT correspondence constitutes a suitable starting point for non- 
perturbative M-theory in flat space. The divergences in the gravitational action which 
we study give nontrivial information concerning a possible holographic description of 
flat space. The correct understanding of the flat space counterterm may ultimately 
be interlinked with these far-reaching perspectives. 

The paper is organized as follows. In section 2 we develop our algorithm for 
generating AdS counterterms, and give examples. We turn to flat space in section 
3, and give two examples of counterterms. The counterterms are seen to lead to the 
standard results for the actions of black hole spacetimes, provided that appropriate 
coordinates are chosen. We show in an example how more general coordinates may 
lead to ambiguities, whose nature we explain. 



2 Counterterms and the Gauss-Codazzi equation 

We write the standard action for the gravitational field as 

Variation of this action with respect to the geometry of the boundary dM gives the 
energy-momentum tensor 0: 

n"'' = 9"^ - 07'^'' , (4) 

where 'fab is the metric of the boundary. Concrete computations show that in most 
spacetimes both the action integral (|^) and the energy-momentum tensor (^ actually 
diverge as the boundary dM is taken to infinity. We therefore think of these as the 
unrenormalized quantities. 

The divergences must be cancelled in order to achieve physically meaningful ex- 
pressions; i.e. some counterterm action: 

must be added, along with the corresponding counterterm energy-momentum tensor: 

U'''' = ^= ^ f d'^x./^ C . (6) 

V-7 hab J 

The counterterms by definition contain the divergent part of the corresponding un- 
renormalized quantities, but finite terms may depend on the details of the renormal- 
ization. 

Now, recall that the Gibbons-Hawking boundary term in (^ has been determined 
precisely such that the combined action satisfies a well-defined variational principle, 
giving the correct bulk equation of motion. The counterterm will ruin this property 
unless it is a function of the boundary geometry only. Additionally, suppose the 
counterterm is an analytical function of the boundary geometry, and expand it as a 
power series in the metric and its derivatives. Dimensional analysis shows that in 



^This fixes our conventions for the Riemann curvature to be Rfj,v\' ~ ^29[^r^];)j°' + 2r;^[^'T^]p'^, 
where the antisymmetrization is defined with strength one, i.e. [ijlv] — oCm^ ~ '^m)- Also i?^^ = 
Rfj.\i^ ■ With these conventions spheres have a positive scalar curvature. The cosmological constant 
is written as A = —d{d — l)/2^^; in this notation pure AdSd+i has radius £. 
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AdSd+i only terms of order n < d/2 contribute to the divergent part of the action. 
(By terms of order n we mean terms containing 2n derivatives.) Therefore one may 
truncate the series at this order and obtain a finite polynomial |P]. This agrees 
with the expectations from the interpretation of the divergences in terms of a dual 
boundary theory that obeys the usual axioms of quantum field theory, including 
locality. In most of this paper we will treat the dimension d as a free parameter 
which can be made very large and so think of the counterterm as a d-dependent 
power series with an arbitrarily high number of terms. Of course, when restricting 
the attention to a particular value of d, the general result should be truncated. 

2.1 The Counterterm Generating Algorithm 

The structure of divergences is tightly constrained by the Gauss-Codazzi equations. 
These are covariant expressions of the bulk Einstein tensor G^,^ = R^^ — \g^uR in 
terms of the boundary Einstein tensor Gab{l) (which only depends on the induced 
metric 7afe) and the extrinsic curvature Qab (which characterizes the embedding of the 
boundary surface into the bulk geometry). After using @) they read [jl|: 

Gab = Gab{l) + n^V^n^b - \lab (-^ ' ^cd^A + JZ^^^^'^ ' ^^^ 

GaX = -Vn^^, (8) 

1/1 



G^.h^fi'' = -\-^-—Ii'-IlabW-R{-i)\ , (9) 

where n^ is an outward pointing unit vector normal to the boundary. We will always 
consider solutions of the bulk equations of motion so: 

^ab „ /)2 '"^ ' 



l d{d- l) 
2 ¥ 



G,.h^h^ = ;^^^^V^, (10) 



determines the left hand side of the Gauss-Codazzi equations. 

In principle, one could solve the Gauss-Codazzi equations (0)-(P) for the unrenor- 
malized energy- momentum tensor Tlab-, and then identify its divergent part with —Ilab- 
However, this strategy is rather complicated due to the presence of the normal deriva- 
tives in (1^). The appearance of these normal derivatives expresses the intuitive fact 
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that, to determine the solution throughout, both the boundary values and their 
derivatives are needed. However, the counterterm should be determined indepen- 
dently of data that is extrinsic to the boundary, such as the normal derivative. 

Now, there exists a set of coordinates for which the bulk Einstein equations in 
AdSd+i (which are equivalent to the Gauss-Codazzi equations) can be solved in a 
perturbative fashion ||23[ . Explicit computations in this coordinate system show that 
the divergent part of the normal derivatives can be expressed in terms of the intrinsic 



boundary data p3[. We implement this observation covariantly, as follows. We impose 
the constraint equation (^): 



d- 1 



and further insist that the counterterm energy-momentum tensor must derive from a 
counterterm action, which is itself intrinsic to the boundary: 

II''' = ^= J- f d'^Xy^ C . (12) 

V^ ('lab J 

As we will show, the conditions (0) and (0) fully determine the counterterm. The 
form of (|12D ensures that the counterterm energy-momentum is conserved, which in 
turn implies (H). It is important to stress that the remaining Gauss-Codazzi equations 
(0) are also satisfied: they can be viewed as expressions for the normal derivatives 
specified implicitly in our construction. We note that the normal derivatives thus 
determined do not in general vanish. 

There is another implicit definition of the normal derivative which is important 
in the AdS/CFT correspondence: this is the requirement of regularity in the bulk 
of spacetime [^]. For Euclidean ^4^5"^+! with a boundary sufficiently close to the 
round sphere S'^ it is known that, for given intrinsic boundary data, there exists a 
unique solution to the Gauss-Codazzi equations which is regular in the interior of 



AdS [^. This is not in general the solution we consider. That our solution may 
become singular when expanded to all orders is of no concern because, for a specific 
value of the boundary dimension d, we always truncate to a finite number of terms. 
We are now prepared to describe an algorithm that determines the counterterm 
as an expansion in the parameter i. The leading order term scale as i~^ and terms 
at a given order £2n-i ^j^j^ n > are denoted by 11^^ and £'•"-'. The starting point 



is to note that the curvature term in (|TT]) can be neglected to the leading order in 
£, so that the metric is the only tensor characterizing the boundary geometry to the 
leading order. The 11^^ are therefore proportional to the metric, with the overall 
numerical factor determined by (|TT]). This gives: 

nS = ~i<^ ■ (13) 

The sign was determined using positivity conditions on the energy-momentum tensor. 
Higher order counterterms are now given by induction. Assuming that Uab is 
known up to and including order n — 1, the following three steps determine HJ^^ : 



step 1: Insert the known terms in (]Tl[); the resulting expression is a linear equation 



with the trace n*^") as the only unknown. 

step 2: With the trace n*^"-' in hand, integrate (0) and find C^'^\ This step is 
purely algebraic, as discussed in the following subsection. 

step 3: Finally, take the functional derivative of C^''^^ with respect to 'jab, and so 
find the full tensor W^' from ([T^) . 

The fact that nj^j, is proportional to the metric 'jat is crucial to make step 1 
possible. We stress that higher orders of Uab in general will depend also on other 
tensor structures. 

2.2 Some Comments on Weyl Rescalings 

The integration in step 2 is interesting and deserves comment. It is related to the 
behavior of the various terms under the local Weyl variations which transform the 
metric as: 

Swlab = CT'yab , (14) 

where a is an arbitrary function. Consider the counterterm action at the nth order 
and note that dimensional analysis gives the behavior under a global Weyl rescaling. 
The result of a local Weyl variation can therefore be written in the form: 

Sw /"rf'^xv^£(") = f d'^x^/^a r^^^r^") + VaX"^")') , (15) 



where X"'^"'^ is some unspecified expression (involving 2n + 1 derivatives) .0 However, 
it follows from ([l2|) that: 

1 



t/'^xv^^^") = - / d'^xy/^ a n(") , (16) 



Jw 



so: 

(rf - 2n)£(") = n(") , (17) 

up to a total derivative term. Now, recall that counterterm Lagrangians are in fact 
only defined up to total derivatives; a total derivative term can be added without 
changing the action. We can therefore freely choose a scheme where (|1^ is exact, 
without need for total derivatives. The practical significance of this identity is that 
it renders the integration in step 2 almost trivial. We also note that: 

6w /"t/'^xv^n(") = ^^ fd^xV^ a n(«) , (18) 

so that ^/—'J n*^") transforms as a conformal density with Weyl weight ^{d — 2n), up 



to total derivatives p6|, ^]. This constrains the form of the counterterms. 

In even dimensions it is clear that (^) prevents II^'^/^) from being obtained as the 
variation of any local action. This is the origin of trace anomalies. For a given even 
dimension d the trace Il^'^''^> is therefore identified with the trace anomaly of the dual 
boundary theory. This result for the anomaly agrees with that of [|ll|], as may be 
verified by looking at the explicit expressions given below. 

2.3 Explicit Computations of Counterterms 

At this point we evaluate the counterterms explicitly, to the first few orders. 

The leading order was given in (plSf) . For completeness we give its trace and the 
corresponding counterterm, computed using (^): 

fr(O) _ ^(^-1) 

i ' 

£(°) = -^. (19) 



■^It is important that the Lagrangian £(") is assumed to be local, otherwise (ttSh need not be true. 
For example, Sw J d'^x^f^ R^R ^ f d'^x^/^ a {^R^R - 2{d~ 1)R). 
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At the first non-trivial order we insert this in flTTD and find: 

(20) 

(21) 



n(i) 


-,-■ 


Now (17) gives: 

£(1) = _ 


2(rf-2) ' 


and the variation (12|) yields: 




n(i) _ ^ 

^^'^' ~ d-2 


/ 1 

Rab — 7;labR 
V 2 



(22) 

We have used the algorithm to generate a few more orders in the expansion, finding 
the trace of the energy-momentum tensor: 

a, \ M + 2 f^ d{d + 2) 3 ^^ j^ 



(t/-2)3(rf-4) {4:{d-l) ™ lQ{d-r 



2' 



the counterterm Lagrangian: 
£^ = 7. Trr~, 7:zR — Trr~, ^, „ , . :t RnhR tt"; ttR^ 



2(rf-2)" 2(rf-2)2(d-4) V^"'' "^ 4(ci-l) 
a \ 3d + 2 fj d{d + 2) 3 fj j^ 

-ririabJ^ — 7777^ 777 -^ — ^-K Kacbd-ti 



{d-2)%d-4:){d-6) {4{d-l) 16(rf-l)2' 

"^ ~ ^ R'^'VaVbR - R^'aR^b + 7T7T-^R°r] + • • • ' (24) 



2(^-1)"" ™ 2(rf 

and the full energy-momentum tensor: 

~ d-1 ^ fr> Id 

llafe = Z lab + -j 7 1 Rab " ^labR 

+ 77 77777 77 { ~7^1ab RcdR^ — -rn 77-^ ~ 7777 TrRRab 



{d-2y{d-A){ 2'™V 4(c/-l) ; 2{d-l 

+2W''R,adb - j^^'^-'^bR + ORab - ^ ^_ TabD^l + " " " • (25) 

The most laborious step is to find the full energy momentum-tensor from the counter- 
term. Accordingly, we have resisted carrying out this computation to the fourth order. 
The first three orders of ( [23| ) agree with the results previously deduced from 
explicit examples j^, |T^. All four terms may be obtained from the results in [|1T| (see 
in particular the Appendix of the second reference.) 
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2.4 Explicit examples in AdS 

We now consider a few simple examples that illustrate the general results. 

2.4.1 Euclidean AdS^+i with a S'^ boundary 

Consider pure AdSd+i with the metric: 

Using the definition (^) of the unrenormalized energy-momentum tensor, one can 
straightforwardly compute the density: 

V7 n = r" 




^\"' -'■) / ».d I -^ ?2„d-2 -^ 74„d-4 



2-u 8^X-' + ---Jv^- (27) 

It clearly diverges for tq — > cxd, so one needs to add counterterms in order to cancel 
the terms of order n < d/2. The Ricci scalar on the boundary is expressed in terms 
of the position tq of the boundary through: 

'o 

Inserting this in the formula for the counterterm 11 given in (p3D, and exploiting that 
the space is maximally symmetric, we find terms that are precisely equal to (|27|), with 
the opposite sign. Thus the divergences cancel. 

However, as emphasized above, the counterterm (^) should be truncated so that 
only the divergences cancel. For even dimension this implies that the finite term in 
(^) is not subtracted. This residual term is the anomaly. That there is a genuine 
obstruction that precludes the cancellation of this term is seen by inspecting the 
would-be counterterm action (0) at order d = n/2. After evaluation on S'^ this term 
remains ill-defined due to the l/{d — 2n) factor. 

For odd-dimensional boundaries there are no anomalies and the renormalized 
energy-momentum tensor vanishes. However, this does not imply that the renor- 
malized action vanishes. To see this, consider the contribution to the action from 
the bulk part of (|^) . This term has the form of a radial integral Jq ° dr leading to 
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a term at r = tq, which is in fact cancelled by the counterternis, but also a term 
at r = which does not get subtracted off. Interestingly, the resulting uncancelled 
action implies negative entropy for the case of AdS^ with an S^ boundary [|17|. 



2.4.2 The AdS-Schwarzschild solution 

Next, we consider the AdS-Schwarzschild metric: 

which for large values of r asymptotes to a pure AdSd+i solution with a M x S"^^^ 
boundary. The corresponding unrenormalized energy-momentum tensor (H) can be 
expanded as: 



7'^'' f,^ ^, d-3 e d-b t fif 



ab _ T- ^, ^.^a-6 I- a-o t^ ^ /^^^ ^o^.-('^+l)^ 






2 rg 8 r^ ^ ' 2r^ 



n . (l^L^1^4_£^4^...,o(.-«M . (30) 



r, 



^ I. ^ '0 " '0 

where the index a labels the S'^~^ directions. In order to see which of the terms in ( pO] ) 
correspond to divergent, finite or vanishing physical quantities in the rg — > oo limit, 
one must convert the above expressions to the appropriate proper densities. One 
finds that the proper scaling of the quantities in (|30|) is determined by multiplying 
the formulae inside the brackets by Tq; thus the 0{rQ ) terms vanish in the limit. 

It is very important that the divergent terms depend on the boundary position 
To only. This ensures that these terms are intrinsic to the boundary, as they should 
be. (That the divergent terms are intrinsic can be made manifest by expressing tq 
in terms of the Ricci scalar R, using R = {d — l){d — 2)/rQ.) The mass parameter 
/i is an extrinsic quantity from the boundary point of view, so it is important that 
the /i-dependence appears only at the finite level. Because of its extrinsic nature, the 
/i-dependence can never be subtracted off. 

Generically ([T7|) forces a l/{d — 2n) divergence in the counterterm action at order 
n = d/2, rendering the corresponding subtraction impossible. The present example is 
special because the trace 11 contains a (d — 2n) factor at each order n so that a finite 
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counterterm at order n = d/2 is viable. The physical significance of this possibility is 
that we can choose to include the order d/2 counterterm as well, such that the entire 
/i-independent part of the energy-momentum tensor is cancelled. It was shown in ^ 
that the /i-independent finite part of the energy-momentum tensor can be identified 
with the Casimir energy in the dual conformal field theory. The ability to cancel 
this part of the energy-momentum tensor is equivalent to the option of choosing a 
renormalization scheme where the Casimir energy of M x S'^^^ is set to zero. 

3 Counterterms for Asymptotically Flat Space 

We now turn to defining the gravitational action in asymptotically flat space (AFS). 
At first glance, AFS may seem like just a special case of AdS, since it can be obtained 
by taking the limit £ — > cxd. This analogy leads us to consider (|TT]), which in the limit 
reads: 

^n^ - n.fefi'^'' = R , (31) 

and we should further impose (|1^) on the solution. The problem is now nonlinear and 
does not appear to allow a perturbative expansion; a direct computation is therefore 
impractical. We might instead try to apply the limit £ — i> oo to our perturbative 
expansion of the counterterm action. However, the large i limit can only be taken after 
summing the infinite series, which is clearly a difficult task. It is also doubtful whether 
the sum exists, for the following reasons: As we mentioned before, the counterterm 
action (|2^) implicitly defines a bulk solution which in general need not be regular. 
Therefore, if the sum did exist, it would generically assign some finite action to 
singular solutions, which seems unphysical. Most glaringly, for even d the coefficients 
of individual terms diverge. 

We will take an alternative approach to define the AFS counterterms. We will start 
with some particular solution, work out its action, and then express the result in terms 
of intrinsic invariants of the boundary. The counterterm action is then defined as 
minus this expression. To the extent that divergences are universal, this counterterm 
action will remove the divergences of solutions which asymptote to the particular 
solution used in the construction. The counterterm is not uniquely defined, since 
choosing different solutions or different curvature invariants will yield inequivalent 
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results. As we will discuss, this does not appear to be a drawback of the procedure. 
An added benefit is that this method exhibits the relation between the counterterm 
method and the reference spacetime approach clearly. 

3.1 A Counterterm for AFS 

We first consider the most common class of metrics, those having boundary topology 
S'^~^ X M.0 In this case we can work out a simple closed form counterterm for AdS 
with finite i, and then take the fiat space limit £ — i> oo. To do so we consider AdSd+i 
in global coordinates: 

ds' = -(1 + ryf)df + ^^^ + r^dnl_, . (32) 

To evaluate the gravitational action (^ we use that R—2A = —2d/i'^ for pure AdSd+i, 
and also the general expression: 

where n is the unit normal to the boundary. Then the action becomes: 

^buik + Sgh = ^ Jd'x v^ ^Jl + i'/r^ . (34) 

To express this in terms of intrinsic invariants we use: 

^_(£-2)(l^, (35) 

for a (i — 1 sphere of radius tq. This leads to the definition: 



S- = -is... + Sa.) = -—JAV^^l + (,,^(,_^) . (36) 

By definition, S^ will assign vanishing total action to AdS in global coordinates. We 
further expect it to give finite action for solutions which asymptote to (P2|). In the 
flat space limit we find: 



^The case of d = 2 requires special considerations, so we assume d > 2. It is interesting that the 
d — 2 case is exactly solvable for all boundary geometries. 
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It is instructive to compare (^) with the power series (j2^). Choosing coordinates 

(a, r) on S"^"^ x R we have: 

^i^bcd = c^_ l){d - 2)^^^^^~^^ ~ ^'^ddbdR ' ^ab = JZTi^ab^ ' *^^^) 

as well as -R^^f,^ = Rtt = 0. The power series (pif) becomes: 



r ^ i ^ D I ^ p2 ^ pS, ,'oq\ 

£ 2(rf-2) ^8(c/-l)(rf-2)2'^ 16{d-md-2f ^"' - ^ ^ 

This precisely corresponds to the expansion of S^ in (|5B|). So it appears that for 
the S"^~^ X M class of boundary geometries we have summed the series (p^). Note 
that the potentially divergent factors oi l/{d — 4),l/{d — 6), . . . were cancelled in the 
process, leading to a well defined counterterm for arbitrary d > 2. Since (|38|) only 
relies on S'^~^ being a maximally symmetric space, this computation further indicates 
that ( P^ ) also cancels the divergences when S'^~^ is replaced by a space with constant 
negative curvature. 

For d = 3 the counterterm (|36|) is closely related to an expression obtained by 
Lau through different means |jl9|. It agrees precisely with the counterterm used by 
Mann |]2D|. Indeed, the present reasoning provides a simple derivation of Mann's 
proposal, and its generalization to d dimensions. 

3.2 Counterterms and Black Hole Thermodynamics 

Before continuing the main argument we pause to derive a constraint on the countert- 
erms from Smarr's formula, and also comment on the (absent) effect of counterterms 
on the black hole entropy. A useful reference for the formulas in this section is 



Upon continuation to imaginary time, the action of a Euclidean black hole solution 
represents the thermodynamic free energy of the system: 

S = PM - fijj - Sent, (40) 

where we denote entropy by Sent, and inverse temperature — or equivalently, the 
periodicity of imaginary time — by /3. J represents the angular momentum of the 
horizon and fij is its conjugate potential. Given S as a function of P and fij, the 
mass and angular momentum follow from: 

.. dS , dS 
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The Bekenstein-Hawking formula Sent = A/ AG and the generahzed Smarr formula: 

(d-2)M/5 = (rf-l)(/ijJ + A), (42) 

give the simple expression for the action: 

A notable point is that /xj and J do not appear explicitly in the result, but only 



via (5. In sec. |3.4| we will compute the action for a general rotating solution and see 
explicitly that it only receives contributions from the leading long-range part of the 
metric, which is equivalent to that of a spherically symmetric solution. 

As a simple example, we work out the action of the d + 1 dimensional Euclidean 
Schwarzschild solution using the counterterm action (^Tf): 

<*-' = (i - ;fe) *^ + (T^ + '■'''"-1 • («) 

where /x is related to the ADM mass by: 

IQ-kGM 

/i = j^r^. — • (45) 

We find (after rotating to Euclidean time): 



S = SaH + S^ = - hm ^ 



id - lyt' -^f^-id' ^)4-\h-^. 



IQttG d-l 



(46) 



in agreement with (^31). 

As we have discussed and will see again explicitly, one may sometimes have a 
choice between several counterterm actions which all subtract off the infinities but 
lead to different finite results. It is important to stress that in the case of black holes 
these choices affect only the definition of energy and not the entropy; the latter is 



always given by the Bekenstein-Hawking formula. This can be seen as follows p9| 
(for simplicity we consider the spherically symmetric case). Consider restricting the 
imaginary time integration region in (^) to some duration Ar. Let W be the wedge 
shaped region in the r — t plane given by restricting r to the range Ar. The tip 
of the wedge lies at the horizon. To compute the action of W we need to include 
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a boundary term at the tip. Here only the Gibbons- Hawking term can contribute, 
since the vanishing of Qrr at the horizon causes intrinsic invariants to vanish upon 
integration. Now, from the Hamihon-Jacobi equation it follows that the action of a 
static (r independent) solution obeys: 

S = AtM . (47) 

This equation defines the mass of the spacetime, and so is independent of choice 
of counterterms at infinity, although the actual value of M can be. Next, consider 
evaluating the action for the full Euclidean black hole manifold. We then set Ar = j3, 
and omit the Gibbons- Hawking term at the horizon, since the only boundary is at 
r = tq. Therefore the action is: 

S = (3M- S^"^ . (48) 

Finally, a simple computation yields that Sq'^ = Sent = A/ AG. We have thus estab- 
lished that the entropy is insensitive to the addition of boundary terms at infinity. 
The entropy is in this sense renormalization scheme independent. 

3.3 More Divergences and Another Counterterm for AFS 

The counterterm S"^ was designed to remove divergences for boundaries of the form 
S'^~^ X M, so there is no guarantee that it will continue to do so for other boundary 
topologies. As a simple example, take fiat Euclidean space in spherical coordinates: 

ds^ = dr^ + r^dQl . (49) 

Then: 

d^d d-i dA (d - l)^d / d ._! 



The sum of the two terms is not finite as the boundary is taken to infinity tq ^ oo; so 
the divergences are not removedhj S^. Note that this problem persists in spacetimes 
with four bulk dimensions, i.e. d = 3. 

By generalizing the derivation that led to S"^ we can derive a counterterm which 
will remove divergences for a larger class of spacetimes, including the example just 
given. Write fiat d + 1 dimensional space in a form with boundary S*" x M*^"": 

ds"^ = {dt^ + dxl^ h dxl_^_^) + dr"^ + r'^d^l. (51) 



The action is: 

where ^/^ = r^y/gQ^ ■ We wish to write a counterterm that will remove the divergence 
at large tq for arbitrary n. To do so it is necessary to use more invariants than just 
R. We take also Rf'^R^^, and use that for ^" x M'^^"": 

R = aiHZ^^ R^^R^^- = R^/n . (53) 

Then we arrive at: 

5^ = -Sgh = -T-^ / d'^x J^ , . (54) 

This counterterm reverts to 5*"^ in the special case oi n = d — 1 for which R^^R^^^ = 
R^/{d — 1). But S^ is more general than S^ since it will remove divergences from 
metrics that are asymptotic to any of (|5l|). 

3.4 Discussion 

In cases for which both S^ and S^ remove divergences one can ask whether they will 
also agree on the finite part. An interesting feature is that the answer depends on 
the coordinates used to describe a given spacetime — by using a preferred class of 
coordinates the two counterterms will agree in the main cases of interest. 

3.4.1 Counterterms and the ADM prescription 

It is important to verify that under suitable conditions we obtain results for the mass 
and angular momentum which agree with the standard ADM definitions. To show 
this, we use that any AFS can be cast in the form: 

ds' = -{l--^ + o(^)]dt'-(^ + o(^\\dx^dt 






l + ^- + 0—-r]\S,, + -^ + 



r^d—2 I j,d— 1 j j ^-^ j.d—2 I j.d—1 



dx'^dx^. (55) 



The boundary is taken to be at fixed Tq = x*x*. A^^ is proportional to the angular 
momentum of the spacetime, and the symmetric, traceless tensor eij represents grav- 
itational radiation. We will restrict attention to isolated systems, for which /z and 
A^^ are constants; the time dependent case requires a more detailed analysis. 
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Now, the important point is that upon evaluating the action we find that the 
angular momentum and gravitational radiation terms in the metric make no contri- 
bution as To ^ oo. First note that the tq dependence is such that only terms in the 
action linear in A^^ or e^ can potentially contribute. But A''^ cannot appear linearly 
in the action due to time reversal symmetry. And Cij can only appear in the rotation- 
ally invariant combinations en, CijX^x^ (sum on i, j); but for eij traceless, the former 
vanishes identically, while the latter vanishes upon integration over the sphere. There- 
fore, in the action, only the fi dependent terms survive, and the calculation effectively 
reduces to that for the Schwarzschild metric, with boundary S'^^^ x R. However, we 
already know from our previous computation p6|) that the counterterms S"^ and S^ 
agree for boundaries of this form, and indeed by direct calculation we find: 

S = Sgh + S^ = Sgh + S^ = - ^^^ . (56) 



This is the correct result, as we discussed in the derivation of (^Bp. Demanding 
regularity of the Euclidean black hole metric fixes the relation between /i and /3. 
Then, by differentiating the action with respect to (3 we can read off the mass of the 
solutions. In so doing, we find agreement with the ADM definition (|45|) . 

It is satisfying that our counterterms reproduce the ADM definitions for the gen- 



eral class of metrics (|55|), since these follow from quite general considerations. For 
instance, the ADM mass is the unique (up to an overall constant) quantity which is 
conserved, transforms as the time component of a Lorentz vector, and is additive for 
distant subsystems. If one is willing to relax one or more of these conditions then 
other results are possible, and we will see an explicit example of this in the following 
subsection. 

3.4.2 An Example: Spheroidal Coordinates 

To get agreement between S^, S^, and the standard result for the action ( pBD it was 
important to use the preferred coordinates (|55D. This fact is illustrated by considering 
fiat space in non-standard coordinates. We know that both counterterms assign zero 
action to fiat space in the form: 

ds^ = -df + dr^ + r^dnl_^ . (57) 
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Now instead use spheroidal coordinates: 



ds-" = -dt'+'-^^^^dr'' + {r^ + a^cos'e)de^ + sin^e{r^ + a^)d<P^ + r^cos''ednl_^ 



r^ + a^ 



(5^ 



This is in fact the form of the metric one finds upon setting the mass parameter to 
zero in the D-dimensional generahzation of the Kerr metric written in Boyer-Lindquist 
coordinates ||2^. In these coordinates, the action (^) yields: 



S, 



GH 



SttG 



d^x 



,a^ a^ sin 9 

ci - 1 + d - 3 - + ^— ^ ^ 

Tq Tq + a^ cos^ I 



r-o^-^sin^cos'^-^^y^ 



(59) 

where the measure is d'^'x = dtd6d(f)dQd-3- The expression in the square bracket forms 
a kernel with the expansion: 



K={d-l) + {d-2- cos' 0) — - (cos' e - cos^ 9)— + ■ 



(60) 



' 

After computing the curvature tensors of the boundary geometry the counterterm 
(EtI) can be written as: 



S' 



d- 1 
' 8ttG 



d'^X' 



fr' + a 



2N1/2 



+ 



(d-3)(rf-4) oy^'^^ 



r^ + a? cos^ OY^'^ 
a 



1 + 



(rf-3) 



l + cos'6')^ 



(d-l)(rf-2) 
corresponding to the expansion: 



d-3 , 







sin 61 COS 9y/g^ 



d-3 ' 



(61) 



K' 



-(d-1) - (d-2-cos' 



2{d-l] 



2(d2-3rf+l) 
d-2 



cos^ 6 + {2d- 3) cos^ 0] ^ + 



(62) 



in the same normalization as (pO|). The general expression for the alternative coun- 



terterm ( ^4]) is quite lengthy, so we give just the expansion: 



K 



B 



-(rf-l)-(d-2-cos' 



+ 



tI {d-i){d-2y 



2d -5 



+ 



(63) 



13 - 22rf + 18^2 - 7^3 + rf^ 2 . 3 - 14d + lOd^ - 2d^ , \ a- 
+ ; — cos"' 9 H cos* 0] — + 



d-2 







These expressions show that both counterterms correctly capture the divergences to 
the first two leading orders. The renormalized action therefore vanishes as ro — > oo 
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for c? < 6, it is finite for d = 6, and for c? > 6 the divergences of fiat space in spheroidal 
coordinates are not cancelled by either counterterm. After integration over 6 we find 
that, for d = Q, the finite action assigned to fiat space is nonvanishing, but different 
for the two counterterms. 

On a technical level, note that the metrics (|57|), (^) are equivalent to leading 
order for large r, with both boundaries asymptoting to S'^^^ x M. It is the subleading 
a dependent terms which lead to the finite terms in the action. 

This discussion was for fiat space in spheroidal coordinates. It is straightforward 
to compute the expression analogous to (^) for the Kerr black hole in D dimen- 
28| . This yields a structure of divergences that departs from the fiat space 



sions 



expression (|60D only by terms of order a'^/vQ and higher. The renormalized action is 
therefore finite for rf < 6, with the expected value. For d = 6 the action is finite and 
nonvanishing, but different for the two counterterms; and for d > 6 the divergences 
are not cancelled. This indicates that for d > 6 the spheroidal boundary deviates 
too strongly from the round sphere (for which both counterterms S^ and S^ were 
designed). Presumably there exists another more sophisticated counterterm which 
subtracts off all divergences for d > 6 spheroidal boundaries as well. We have not 
tried to construct such a counterterm. 

3.4.3 Concluding Remarks 

The fact that flat space in spheroidal coordinates is assigned a nonzero action ind = 6 
is at first surprising, but becomes less so when we recall the analogous situation in 
AdS. There we know that the simplest choice of counterterms assign vanishing action 
to AdSd+i in Poincare coordinates, but finite action to AdS^+i in global coordinates 
for d even. This fact has a nice interpretation in terms of the AdS/CFT correspon- 
dence: the boundary of AdS in global coordinates is S'^^^ x M, upon which the CFT 
can have a nonzero action due to the Casimir effect. The ability of the counterterm 
prescription to assign nonzero action to AdS in various coordinates is crucial to the 
consistency of the AdS/CFT correspondence. Although we do not currently have ac- 
cess to a holographic description of AFS, we should not be surprised that the action 
behaves in a way analogous to AdS. 

Since S^ and S^ can lead to different finite terms in the action, one can ask 
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whether this imphes that one, both, or neither of them is in some sense "correct". 
We beheve that both are vahd expressions for the action, and should be thought of 
as the resuhs in different renormahzation schemes. The important criterion is that 
the counterterm S can be written in terms of intrinsic invariants of the boundary, 
and that it removes the divergences of the action. In this sense, S^ and S^ are both 
vahd for boundaries of topology S*^"^ x M, while only S^ is valid for the more general 
case of S*" x R'^^". Future work may identify the most general counterterm that 
subtracts the divergences of any regularization of AFS. This would be interesting for 
several purposes, including the general understanding of the asymptotic symmetry 
group (the Spi group). However, from a practical point of view, this development is 
unnecessary: our work shows that, when the divergences of the action are cancelled 
for some counterterm, the finite part has necessarily been correctly identified. 
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